ABSTRACT. We show that the space G r d (X) of linear series of certain multi-degree d = (d1, d2) (including the balanced ones) and rank r on a general genus-g binary curve X has dimension ρ g,r,d = g − (r + 1)(g − d + r) if nonempty, where d = d1 + d2. This generalizes Theorem 24 of Caporaso's paper [Cap10] from the case r ≤ 2 to arbitrary rank, and shows that the space of Osserman-limit linear series on a general binary curve has the expected dimension, which was known for r ≤ 2 ([Oss16, §7]). In addition, we show that the space G r d (X) is still of expected dimension after imposing certain ramification conditions with respect to a sequence of increasing effective divisors supported on two general points Pi ∈ Zi, where i = 1, 2 and Z1, Z2 are the two components of X.
INTRODUCTION
Let k be an algebraically closed field. For a curve C over k, a g r d on C denotes a linear series on C of degree d and rank r. Brill-Noether theory states that if C is general, then the space G r d (C) of g r d s on C has dimension ρ g,r,d = g − (r + 1)(g − d + r). This provides a bridge between the realms of abstract curves and curves in projective spaces: for a general curve, the theory tells us whether it is equipped with a nondegenerate map of a certain degree to a certain projective space. The result was first proved in [GH80] by degenerating to an irreducible curve C ′ with g nodes (the normalization of which is a rational curve), as in the left part of Figure 1 , and showing that G r d (C ′ ) has dimension at most ρ g,r,d . After that, it has inspired a great deal of additional research, including re-proofs and new techniques such as limit linear series and tropical linear series [EH86, CDPR12, Ossb, AB15] .
. . . . . . FIGURE 1. A genus g irreducible curve (resp. binary curve) with g (resp. g + 1) nodes.
While the space G r d (C) is well-studied for smooth curves (cf. [ACGH13, Ch.V]), few is known for reducible ones. In this paper we consider a binary curve X of genus g, which, as in the right part of Figure 1 , is obtained by glueing two copies Z 1 , Z 2 of P 1 k along g + 1 pairs of different points (Q 1 j , Q 2 j ), where Q i j ∈ Z i for 0 ≤ j ≤ g and 1 ≤ i ≤ 2. For a multi-degree d = (d 1 , d 2 ) on (Z 1 , Z 2 ) such that d 1 + d 2 = d, denote by g r d a linear series on X whose underlying line bundle has multi-degree d. It was proved in [Cap10] that the space G r d (X) of g r d s on a general binary curve X has dimension at most ρ g.r.d if d is balanced, namely |d 1 − d 2 | ≤ g + 1, and r ≤ 2. We extend the result of Caporaso to arbitrary rank r, and show that G r d (X) still has expected dimension after imposing a certain ramification conditions: Theorem 1.1. Let X, Z i , r and d be as above. Let . See Theorem 3.4 for details. See also Section 2.2 for the notions of admissible sequences and the corresponding ramification conditions. Moreover, our result also shows that the space of Osserman limit linear series on a general binary curve has expected dimension, which was known for r ≤ 2 ([Oss16, Corollary 7.3, Corollary 7.4]).
Our proof of Theorem 1.1 benefits from the idea of [GH80] . In their proof, the normalization C ′ of C ′ is realized as a rational normal curve in P 1 d . Let (N 1 j , N 2 j ) 1≤j≤g be the preimage in C ′ of each node of C ′ , as in Figure 2 . The space G r d (C ′ ) is identified with an open subset of the space of
Then it is enough to show that the intersection 
1 denotes the j-th osculating plane of C ′ at N 1 1 . Then the problem is reduced to the properness of the intersection
).
In principal, the idea of degenerating the chords of the normalization of C ′ should also work in our context. However, we inevitably came across Schubert cycles with excess dimension during the degeneration. See Remark 3.6 for details. To resolve this issue, we adopt Esteves' compactification [Est01] of the Jacobian of X (see §2.1), and construct a compactification of G r d (X) accordingly. We observe that the Schubert condition of S m induces a ramification condition at N 1 1 for linear series on C ′ , and thus modify the proof of [GH80] to our case. See Section 3 for details.
Conventions. All curves we consider are assumed proper over an algebraically closed field k, reduced and connected, and at worst nodal.
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THE COMPACTIFIED RELATIVE JACOBIAN AND MODULI SCHEME OF LINEAR SERIES
In this section we recall the notion of compactified relative Jacobian over a family of (possibly reducible) curves carried out in [Est01] . For each curve X in the family, the compactified Jacobian contains extra points corresponding to certain torsion free, rank one sheaves on X. Note that for a pair (I, V ) consisting of a torsion free rank one sheaf I on X and a subspace V ⊂ H 0 (X, I), we can still talk about ramifications of V at nonsingular points of X. Then for the degeneration argument of the next section, we construct a family of (compactified) moduli spaces of linear series with imposed ramifications on binary curves as a closed subscheme of a relative Grassmannian over the compactified relative Jacobian. Note that this construction is well-known, see for example [Oss06, §4] or [Ossa, §2] .
2.1. The compactified relative Jacobian. Let X be a curve and I a coherent sheaf on X. We say that I is torsion free if it has no embedded components and I has rank one if it has generic rank one at every irreducible component of X. We say that I is simple if End X (I) = k. According to [OS79, Proposition 10 .1], each torsion free sheaf I of rank one can be written as the pushforward of a line bundle L I on a partial normalization n I : X I → X. A direct calculation shows that the natural map
is an isomorphism. Hence a torsion free sheaf is simple if and only if the corresponding normalization X I is connected. Let I be a torsion free sheaf of rank one on X. If Y ⊂ X is a subcurve, then we denote by I Y the maximum torsion free quotient of I| Y . Fix an integer d, and fix a line bundle E on X of degree d − g + 1. We say that E is a polarization on X. For every subcurve Y ⊂ X, let e Y := deg Y (E ). We say that I is stable (resp. semistable) with respect to E if for every nonempty proper subcurve Y X, we have
Let P ∈ X be a non-singular point. We say that a semistable sheaf I on X is P -quasistable with respect to E if χ(I Y ) > e Y for all proper subcurves Y of X containing P . We refer to [Est01] for more general definitions of polarization and stability.
Example 2.1. Let X be a binary curve with components Z 1 and Z 2 . Fix an integer y. Take P ∈ Z 1 . Let E = E d,g,y (X) be a line bundle on X with multi-degree (
Then a simple torsion free rank one sheaf I is P -quasistable if
when 2|d − g − y and
On the other hand, recall that in
is balanced with respect to g.
Let S be a locally Noetherian scheme over k. Let π : X → S be a projective, flat morphism whose fibers are curves of arithmetic genus g. Let I be an S-flat coherent sheaf on X. We say that I is relatively torsion free (resp. rank one, resp. simple) over S if I(s) is torsion free (resp. rank one, resp. simple) for every (closed) point s ∈ S. We say that I has relative degree d over S if I(s) has Euler characteristic d − g + 1. Let E be a line bundle on X of relative degree d − g + 1 over S. We call such an E a relative polarization on X over S. A relatively torsion free, rank one sheaf I on X over S is relatively stable (resp. relatively semistable) with respect to E over S if I(s) is stable (resp. semistable) with respect to E(s) for all points s ∈ S. Let σ : S → X be a section of π through the smooth locus of X. A relatively torsion free, rank one sheaf I on X over S is relatively σ-quasistable with respect to E over S if I(s) is σ(s)-quasistable with respect to E(s) for all points s ∈ S.
Let J * denote the contravariant functor from the category of locally Noetherian S-schemes to sets, defined on an S-scheme T by J * (T ) = {relatively simple, torsion free, rank one sheaves on X × S T over T }/ ∼, where " ∼ " is te following equivalence relation:
Let J be theétale sheaf associated to J * . Then J is represented by an algebraic space J by [AK80] . Fix a degree d and a relative polarization E on X of relative degree d − g + 1. Fix a section σ of π. Let J σ E be the subspace of J parametrizing relatively simple torsion free rank one sheaves on X over S that are relatively σ-quasistable with respect to E.
E is proper over S. We will use J σ E as the compactified relative Jacobian in the proof of our main theorem, and vary the polarization E for different situations.
2.2. Multi-vanishing sequence and ramification. From now on let X be a binary curve of genus g with components Z 1 and Z 2 . Fix integers r, d > 0 and non-singular points
..) be an increasing sequence, possibly infinite, of effective divisors supported on {P 1 , P 2 }. Definition 2.3. A generalized linear series of degree d and rank r on X, denoted by a "generalized g r d " on X, is a pair (I, V ) consisting of a simple torsion free sheaf I of rank one on X such that χ(I) = d − g + 1 and a subspace V ⊂ H 0 (X, I) of dimension r + 1.
We say that a generalized linear series (I, V ) is P -quasistable with respect to a non-singular point P ∈ X and a polarization E on X if I is so. Recall the notion of multi-vanishing sequence in [Ossb] :
where l is the greatest number such that s ∈ H 0 (X, I(−D j )). The multi-vanishing sequence of (I, V ) along D • is the sequence
where a value a appears in the sequence m times if for some j we have deg D j = a and
The multi-vanishing sequence of a generalized linear series along D • satisfies the condition of being an admissible sequence, as defined below: Definition 2.5. A nondecreasing sequence (a j ) 0≤j≤r is called an admissible sequence along D • if for each j we have a j = deg D l j for some l j , and the number of repetitions of a j is at most
and the number of repetitions of deg 
Accordingly, for all (j, c) as above replacing a j+u by a j + u for 1 ≤ u ≤ c we obtain an admissible
• by removing divisors whose degree does not appear in a ′
• . Then (I, V ) has multi-vanishing sequence at least a • along D • if and only if it has multi-vanishing sequence at least a ′
• along D ′ • , which is equivalent to having multi-vanishing sequence at least
2.3. A family of moduli schemes of generalized linear series with ramifications. Consider the family π :
Fix a polarization E of relative multi-degree (e 1 , e 2 ) and a section σ of π though the smooth locus. It follows from [Est01,
X,E → X be the natural maps as in the diagram below. For 1 ≤ i ≤ 2 let D i be an effective divisor on Z i \(Z 1 ∩ Z 2 ) of degree at least g + 1 − e i , and
)-dimensional space of global sections and trivial first cohomology group. Indeed, for each torsion free sheaf I in J σ X,E we have
where n I , X I , and L I are defined in §2.1. Since n I is an affine morphism, by [Har77, Exercise 3.8.2] we have
by semi-stability of I. Therefore the conclusion follows from Riemann-Roch theorem.
X,E whose fibers at a point are identified with the global sections of the restriction of L σ X,E (D ′ ) to the fiber of J σ X,E at that point.
since L σ X,E is locally free at points where O D ′ is nonzero. Hence the kernel of the map in Definition 2.7 at a point of J σ X,E is identified with the space of global sections of the corresponding torsion free sheaf on X.
Let D be a divisor on X supported on the smooth locus over
of moduli space of generalized linear series on X over A 1 k with given ramification (corresponding to b) at D as the locus on
k parameterizes σ(z)-stable simple torsion free sheaves of rank one on X which has global sections of dimension at least r + 1.
(2) The fiber of
Here r l is the number of repetitions of deg D l in a • 2.4. Stratifying the space of generalized linear series. Now for a line bundle E on X and a nonsingular point P of X we denote by W r d (X, E , P ) (resp. G r d (X, E , P )) the space parameterizing P -quasistable simple torsion free, rank one sheaves (resp. generalized g r d s) on X. For a sequence D 0 , ..., D r of increasing effective divisors supported on {P 1 , P 2 }, where P i is a non-singular point in Z i , as in §2.2, denote by G 
. By a g r d on X we mean a linear series (L, V ) on X such that L has multi-degree d and V has dimension r + 1. We denote by
) the space parametrizing line bundles of multi-degree d on X whose space of global sections has dimension at least r + 1 (resp. g r d s on X, resp. g r d s on X whose multi-vanishing sequence along D • is at least a • ).
Moreover, note that the stability for a torsion free sheaf I of rank one on X with respect to E only depends on the multi-degree of L I . Accordingly, we say that a multi-degree (d 1 , d 2 ) is stable (resp. semistable, resp. P -quasistable) if
Hence I is P -quasistable with respect to E if and only if the multi-degree of L I is P -quasistable with respect to E . Note also that the global sections of I are identified with the global sections of L I . As a result, we have Proposition 2.11. Let S be the set of singular points of X. For each subset J S let X J be the normalization of X at J. Then
and
which is P -quasistable with respect to E such that
THE PROOF OF THE MAIN THEOREM.
In this section we restate Theorem 1.1 and give a proof. Our proof proceeds by induction on genus. For the inductive step we reduce the genus by imposing an extra ramification condition. For convenience we specify the following notation:
Notation 3.1. Let X be a binary curve of genus g with components Z 1 and Z 2 . Let D • (resp. E • ) be an increasing sequence of effective divisors supported on {P 1 , P 2 } (resp {P ′ 1 , P ′ 2 }), where P i and P ′ i are non-singular points of X in Z i and 
is surjective with kernel of dimension d 1 − g. As a result
which is impossible. Hence we conclude d 1 ≤ g, and similarly d 2 ≤ g. It follows that φ is injective. Thus r + 1 ≤ h 0 (Z 2 , L| Z 2 ) = d 2 + 1. As a result d 2 ≥ r and Let X ′ be the normalization of X at a node Q, whose preimage in Z i is Q i , as in Figure 3 . Let E 0 = 0 and
By pulling back a g r d on X to X ′ we obtain a natural map
Let G E 1 be the subspace of G E 0 consisting of g r d s with base points Q 1 and Q 2 . We have: Lemma 3.3. The map ϕ above is injective over G E 0 \G E 1 and has fiber of dimension at most one over G E 1 .
Proof. Let n Q be the normalization map. We have a commutative diagram
is injective, there is at most one (r + 1)-dimensional subspace V of H 0 (X, L) that maps to V ′ . Therefore the fiber of ϕ at G E 1 is at most one, since the fiber of n * Q has dimension one. If (L ′ , V ′ ) ∈ G E 1 , then we can take a section s ∈ V ′ such that either s(Q 1 ) = 0 or s(Q 2 ) = 0. Then either there is no section of L that restricts to s or the glueing data of L at Q is determined by s. Hence the fiber of ϕ at (L ′ , V ′ ) consists of at most one point.
We now restate and prove the main theorem. 
Here r l is the number of repetitions of deg
Proof. According to Remark 2.6 (2) we may assume 
Suppose the conclusion is true for g − 1. Let X ′ , Q, Q i and G E j be as above. By Lemma 3.3, it is enough to show that G E 0 has dimension (at most) ρ, and G E 1 has dimension at most
) has dimension at most ρ − 1 by induction. Since it contains G E 1 , the dimension of G E 1 is at most ρ − 1, and similarly for the case a 2 r ≤ d 2 . We next show that G E 0 has dimension at most ρ.
Consider the trivial family π :
Denote by π : X ′ → X ′ the other projection. Denote byg = g − 1.
1) Assume d ≤ g + r − 2 =g + r − 1. By lemma 3.2 we may assume r ≤ d i ≤g − 1 for
Consider the degeneration Q 1 → P 1 as z → 0. Let G be the limit of
By Proposition 2.10 (3) (restrict to an open subvariety of A 1 k if necessary to make sure the limit Q 1 → P 1 misses the singular points of each fiber of X ′ ) , it follows that
Let m ∈ {−1, 0, 1, ..., r} be the unique number such that
We next assume m < r. Then
We thus have
Namely all sections in V 0 (−(a 1 m+1 + 1)P 1 − a 2 m+1 P 2 ) vanish at Q 2 . Let n be the smallest number such that a 1 n ≥ a 1 m+1 + 1. Then for all l ≥ n we have
Hence all sections of
0 be the fiber of X ′ at z = 0. It follows that G is contained in a union over all possible (m, n) of subspaces G m,n of G r d (X ′ 0 , E , P ) consisting of pairs (I 0 , V 0 ) satisfying the flowing conditions:
, then the conditions above become (again, by Proposition 2.10 (3))
Let h be the smallest number such that a 1 h = a 1 m+1 and u ∈ {h − 1, h, ..., n − 1} the unique number such that
for l = u + 1. Similarly as above, we have
. Now for all u + 1 < l ≤ n − 1 we have
, in this case we replace (a 1 u+1 ) ′ with (a 1 u+1 ) ′ + 1) for 0 ≤ j ≤ r. By Proposition 2.11, we have
only contains one point, then this point determines the glueing data of a line bundle L of multi-degree d on X at the corresponding node, and each hyperplane in P d+1 k that contains Λ induces a global section of L up to scaling.
if g is big enough, then the expected dimension of the intersection is negative, but it always contains the (d − r)-planes that contain either the given P 
due to the possible existence of planes Λ containing Q i m+1 when b i l = d i + 1 for either i = 1 or i = 2. Moreover, the locus of Λ not satisfying (1) may have dimension more than expected. For example, consider the Schubert cycle S consisting of (d − r)-planes that meet P It turns out that the space Σ/k * , as a potential compactification of G r d (X), is too big for the degeneration argument, and we need to rule out the "bad planes": (d − r)-planes in Σ which contains exactly one of {Q 1 j , Q 2 j } for some j. Note that intuitively, "bad planes" correspond to torsion free sheaves on X that is not locally free at one node or more. We thus adopt Esteve's compactification of the Jacobian of X, which is obtained by adding certain controllable torsion free sheaves. Now the Schubert conditions above for a (d − r)-plane Λ ⊂ P 
